We investigate the Hill differential equation 
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Introduction
The first known appearance of the Ince equation, is in Whittaker's paper ( [1] , Equation (5)) on integral equations. Whittaker emphasized the special case 0 a = , and this special case was later investigated in more detail by Ince [2] [3] . Magnus and Winkler's book [4] contains a chapter dealing with the coexistence problem for the Ince equation. Also Arscott [5] has a chapter on the Ince equation with 0 a = .
One of the important features of the Ince equation is that the corresponding Ince differential operator when applied to Fourier series can be represented by an infinite tridiagonal matrix. It is this part of the theory that makes the Ince equation particularly interesting. For instance, the coexistence problem which has no simple solution for the general Hill equation has a complete solution for the Ince equation (see [6] ).
When studying the Ince equation, it became apparent that many of its properties carry over to a more general class of equations "the generalized Ince equation". These linear second order differential equations describe important physical phenomena which exhibit a pronounced oscillatory character; behavior of pendulum-like systems, vibrations, resonances and wave propagation are all phenomena of this type in classical mechanics, (see for example [7] ), while the same is true for the typical behavior of quantum particles (Schrödinger's equation with periodic potential [8] ).
The Differential Equation
We consider the Hill differential equation The real number λ is regarded as a spectral parameter. We further assume that t ∈  We will at times represent the coefficients ,
will play an important role in the analysis of (2.1). For ease of notation we also introduce the polynomials
Equation (2.1) is a natural generalization to the original Ince equation 
Eigenvalues
Applying (3.6), we obtain ( ) 
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By introducing the functions
we note that the adjoint of (2.1) has the same form and can be written in the following form: 
From Sturm-Liouville theory we obtain the following statement on the distribution of eigenvalues.
Theorem 3.6. The eigenvalues of the generalized Ince equation satisfy the inequalities
The theory of Hill equation [4] gives the following results. 
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The adopted normalization of Ince functions is easily expressible in terms of the Fourier coefficients of Ince functions and so is well suited for numerical computations [6] If we square both sides of (4.13) and (4.14) and integrate, we find that ( ) The integrals on the right-hand sides of (4.19) and (4.20) are easy to calculate once we know the Fourier series of Ince functions.
Operators and Banded Matrices
In this section we introduce four linear operators associated with Equation (2.1), and represent them by banded matrices of width 2 1. η + It is this simple representation that is fundamental in the theory of the generalized Ince equation. We assume known some basic notions from spectral theory of operators in Hilbert space. :
Consider the operator
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It is a generalized Ince polynomial (even with period π ).
